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Abstract
In this paper, suﬃcient conditions which guarantee the existence of positive periodic
solutions for a multi-species cooperation system are obtained. The permanence of
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1 Introduction














where x(t), y(t) are densities of the species X, Y at time t, ρi, ai, bi, ci, i = ,  are positive
constants. Subsequently, the nonautonomous version was argued by Cui and Chen [].
Cui in [] proposed the following generalization for the N-species cooperation system













xi(t) = ϕi(t), for τ ≤ t < , (.)
where
∫ 
–τ Vj(θ )dθ = , j = , , . . . ,N .
On the other hand, in the more realistic situation, the cooperation systems or ecosys-
tems are continuously perturbed via unpredictable forces. These perturbations are gen-
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erally results of the change in the system’s parameters. In the language of the control the-
ory, these perturbation functions may be regarded as control variables, and consequently,
one should ask the question that whether or not an ecosystem can withstand those un-
predictable perturbations which persist for a ﬁnite periodic time. During the last decade,
many scholars did works on the feedback control ecosystems. Some results can be found
in [–] and the references therein. Chen, Lio, and Huang [] studied the dynamical be-
havior of the following non-autonomous N-species cooperation system with continuous









–τij Vij(θ )xj(t + θ )dθ
– ci(t)xi(t)
]
– di(t)ui(t)xi(t) – ei(t)xi(t)
∫ 
–τi
Wi(θ )ui(t + θ )dθ , (.)
dui
dt = –αi(t)ui(t) + βi(t)xi(t) + γi(t)
∫ 
–ηi
Ui(θ )xi(t + θ )dθ , (.)
where xi and ui are the density of ith cooperation species and control variable, respectively.
ai, bij, ci, di, ρi, αi, βi, and γi, are all continuous real-valued functions which are bounded









Ui(θ )dθ = , i, j = , , . . . ,N .
Very recently, Chen and Xie [] obtained a set of suﬃcient conditions for permanence of
the system above. The study was based on a new integral inequality and the results showed
that the feedback control variables have no inﬂuence on the permanence of the system. In
the present paper, we study the suﬃcient condition for existence and permanence of the
positive periodic solutions of generalized version of the N-species cooperation system










–τij Vij(θ )xj(t + θ )dθ
– ci(t)xi(t)
]
– di(t)ui(t)xi(t) – ei(t)xi(t)
∫ 
–τi
Wi(θ )ui(t + θ )dθ – Si(t), (.)
dui
dt = –αi(t)ui(t) + βi(t)xi(t) + γi(t)
∫ 
–ηi
Ui(θ )xi(t + θ )dθ . (.)
Our key tool is the following ﬁxed-point theorem for a proper compact integral oper-
ator on the convex subset of inﬁnite dimension Banach space which is originally due to
Schauder [].
Theorem . (Schauder) Let X be a Banach space and
 be a closed, bounded, and convex
subset of X. If  :
 →
 is a compact operator, then  has at least one ﬁxed point on 
.
Besides, we also invoke the following weak version of Arzela-Ascoli theorem [].
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Theorem . (Arzela-Ascoli) Let {ξn(t)} be a sequence of real functions on [,T] which
is uniformly bounded and equicontinuous. Then {ξn(t)} has a uniformly convergent subse-
quence.
Also, we set,
CT = {ξ |ξ is a continuous T-periodic function on R},
and for ξ ∈ CT we deﬁne ‖ξ‖ = supt∈[,T] |ξ (t)|,
B = CNT =
{
 = (ξ, ξ, . . . , ξN ) : ξi ∈ CT , i = , , . . . ,N
}
,
and for  ∈ B we deﬁne |(t)| =∑Ni= |ξi(t)| and ‖‖B =∑Ni= ‖ξi‖.










































Throughout this paper, we assume that




–τij Vi(θ )dθ =
∫ 
–τi Wi(θ )dθ =
∫ 
–ηi Ui(θ )dθ = , i, j = , , . . . ,N .
The following section is arranged based on twomain steps: In step , we obtain suﬃcient
conditions with guarantee the existence of periodic solutions of each equation of system
(.)-(.) for each ≤ i≤N . In the proof of existence, we will use the method of Green’s
functions according toMokhtarzadeh et al. []. In step , we followChen [] to construct
a bounded, closed, and convex set in a product space and apply Schauder’s ﬁxed-point
theorem.
2 Main results
In this section, we shall study the existence of periodic solutions of the multi-species sys-
tem (.)-(.). To do this, we transform this system of couple equations into one integral
equation. For each  ≤ i ≤ N , we introduce the following integral operator i on the Ba-
nach space (CT ,‖ · ‖),






βi(s)ξ (s) + γi(s)
∫ 
–τi
Ui(θ )ξ (s + θ )dθ
}
ds, (.)
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 αi(θ )dθ )
exp(
∫ T
 αi(θ )dθ )–
exp(
∫ s




 αi(θ )dθ )–
exp(
∫ s
t αi(θ )dθ ), ≤ t ≤ s≤ T ,
where
∫ T
 αi = ; see [].
Lemma . Let  ≤ i ≤ N and αi, βi, γi, and Ui are belong to CT as well as
∫ T
 αi = .
Suppose that ui is a continuous real function such that for some xi ∈ CT , ixi = ui. Then ui
is a T-periodic solution of Eq. (.).
The proof of Lemma . is similar to the proof of Lemma . of [].
According to Lemma ., itmay be deduced that the existence problemofT-periodic so-










–τij Vij(θ )xj(t + θ )dθ
– ci(t)xi(t)
]
– di(t)(ixi)(t)xi(t) – ei(t)xi(t)
∫ 
–τi
Wi(θ )(ixi)(t + θ )dθ – Si(t). (.)
For any  = (ξ, ξ, . . . , ξN ) belong to B, and  ≤ i ≤ N , we deﬁne the following integral
operator:











































 ρi(θ )dθ )–
exp(–
∫ s
t ρi(θ )dθ ), ≤ s≤ t ≤ T ,∫ T
 ρi(θ )dθ )
exp(
∫ T
 ρi(θ )dθ )–
exp(–
∫ s
t ρi(θ )dθ ), ≤ t ≤ s≤ T .
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Lemma . Let (H) and (H) hold and ai, bij, ci, di, ρi, αi, βi, γi, i, j = , , . . . ,N as well as
x are all belong to CT as well as
∫ T
 ρ = . Then Fi x is T-periodic function and satisﬁes
the following diﬀerential equation:







Wi(θ )(ix)(t + θ )dθ
}
– Si(t). (.)
Proof Appealing to presses of the proof of Lemma . for operators (i xi)(t), (i xi)(t)
and Si (t) one obtains
(
i x













)′(t) = ρi(t)(ix)(t) – x(t){di(t)(ix)(t) + ei(t)∫ 
–τi






)′(t) = ρi(t)(Si )(t) – Si(s).
The sum of terms above and taking the equality (.) into account leads to (.). 
Corollary . Let ai, bij, ci, di, ρi, αi, βi, γi, i, j = , , . . . ,n and x all belong to CT as well as∫ T
 ρ = . Let that xi ∈ CT be a ﬁxed point of the operator Fi , i.e., Fi xi = xi, then xi is a










 + supt∈[,T] |Si (t)|
, Q =min{Q,Q, . . . ,QN }.









(Q + )‖Si ‖
.
Then the integral operator Fi maps 
i into 
i and has at least one ﬁxed point.
Proof Let ξi ∈
i, then
∣∣ξi(t) –Si (t)∣∣≤Q∥∥Si ∥∥,
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thus
∣∣ξi(t)∣∣≤ (Q + )∥∥Si ∥∥.
On the other hand,
∣∣ξi(t)∣∣ ≥ ∣∣Si (t)∣∣ –Q∥∥Si ∥∥≥ inft∈[,T]∣∣Si (t)∣∣ –Q supt∈[,T]∣∣Si (t)∣∣
≥ inf
t∈[,T]





∣∣Si (t)∣∣ – inft∈[,T] |Si (t)| supt∈[,T] |Si (t)| + supt∈[,T] |Si (t)|
= Qi ≥Q.
Consequently,
Q≤ ξi(t)≤ (Q + )
∥∥Si ∥∥, for any t ∈ [,T]. (.)











, s, t ∈ [,T].
Therefore, for xi ∈ 
i,  = (ξ, ξ, . . . , ξN ) belong to ⊗Ni=
i and any t ∈ [,T], we ob-
tain
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Thus,
























≤ λiκi(λi – )(κi – ) (Q + )
∥∥Si ∥∥AiBi. (.)
In these regards, based on (.) and (.) one obtains
∣∣(Fi xi)(t) –Si (t)∣∣ = ∣∣(i xi)(t) – (i xi)(t)∣∣




∥∥Si ∥∥(Ji(Q) + κiκi – AiBi
)
≤ λiκi(λi – )(κi – ) (Q + )
∥∥Si ∥∥(Ji(Q) +AiBi)
≤ Q∥∥Si ∥∥. (.)
This shows thatFi xi is belong to




In addition, based on inequality (.), we have
∣∣(Fi xi)(t)∣∣≤ (Q + )∥∥Si ∥∥.
Thus,







{‖di‖ + ‖ei‖}} + ‖Si‖, (.)
which shows that |(Fi x)′(t)| is bounded by
Mi = ‖ρi‖(Q + )
∥∥Si ∥∥
+ (Q + )
∥∥Si ∥∥{Ii(Q) + κiκi – Ai{‖di‖ + ‖ei‖}
}
+ ‖Si‖.
LetM =max{M,M, . . . ,MN }. For any t, s ∈ [,T], one obtains
∣∣(Fi x)(t) – (Fi x)(s)∣∣≤M|t – s|.
This implies that (Fi x)(t) is Lipschitzan with Lipschit constance M. In this way, for




∣∣(Fi x)(t) – (Fi x)(s)∣∣≤ ε, whenever t, s ∈ [,T] and |t – s| ≤ δ(ε).
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Consequently, for any ≤ i≤N the family {Fi x}x∈
i is equicontinuous on [,T].
Suppose {xi,m} is a sequence on 
i,  ≤ i ≤ N . Thus, {(Fi xi,m)(t)} as a sequence of
functions on [,T] is equicontinuous. Appealing to the Arzela-Ascoli theorem, there ex-
ist a subsequent denoted by {(Fi xi,mk )(t)}, which is uniformly convergence on [,T].
This means that {Fi xi,mk } is convergent on 
i and consequently, Fi :
i → 
i is com-
pact. Appealing to Schauder’s ﬁxed-point theorem, Fi has at least a ﬁxed point on 
i.

We emphasize that according to Corollary ., for any  ≤ i ≤ N , and  = (ξ, ξ, . . . ,xi,
. . . , ξN ) belong to
⊗N
i=
i ﬁxed point ofFi is the positive T-periodic solutions of Eq. (.)
or equivalently, T-periodic solution of the nonlinear population system (.) and (.).
Let  = (ξ, ξ, . . . , ξN ) ∈⊗Ni=
i and (H), (H), and (H) hold. Based on Theorem .
for i = , , . . . ,N , operator Fi has at least a ﬁxed point in 
i. Let Fix(Fi ) ⊆ 
i denote
the set of ﬁxed points of Fi . Applying the Axiom of Choice, we chose a representative
point, say xi , in Fix(Fi ) i.e.,
(Fi xi)(t) = xi (t), t ∈ [,T], i = , , . . . ,N .















ξ(t), ξ(t), . . . , ξN (t)
)→ (x (t),x (t), . . . ,xN (t)). (.)











Proof It is obvious that T is bounded on B. Also, according to inequality (.), we have
∣∣x′i (t)∣∣≤M, t ∈ [,T], i = , , . . . ,N .
Thus,
∣∣xi (t) – xi (s)∣∣≤M|t – s|, t, s ∈ [,T], i = , , . . . ,N .




∣∣(T)(t) – (T)(s)∣∣≤ ε, whenever t, s ∈ [,T] and |t – s| ≤ δ(ε),
which shows that T(
⊗N
i=
i) is equicontinuous on [,T]. In this regard, any sequence, say
{Xk} in⊗Ni=
i satisﬁes all the conditions of the Arzela-Ascoli theorem on [,T]. Hence,




i) is relatively compact in B.
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–τij Vij(θ )ξj(t + θ )dθ
– ci(t)ξi(t)
]
– di(t)(iξi)(t) – ei(t)
∫ 
–τi
Wi(θ )(iξi)(t + θ )dθ . (.)
Wherein,  = (ξ, ξ, . . . , ξN ). For each  ≤ i, j ≤ N , the partial derivative ∂Zi( , t)/∂ξj
exist and straightforward calculation shows∣∣∣∣∂Zi( , t)∂ξi

























≤ ‖ρi‖Ii(Q) + κi
κi – 
Ai
{‖di‖ + ‖ei‖}. (.)
Also, in the case k = i,∣∣∣∣∂Zi( , t)∂ξk
∣∣∣∣ ≤ ρi(t)ξk(t)bik(t)(ai(t) +∑nj=,j =i bij(t) ∫ –τij Vij(θ )ξj(t + θ )dθ )
≤ (Q + )∥∥ρibikSi ∥∥(Ii(Q) – ‖ci‖). (.)
We set σ =max{gi,hij : i, j = , , . . . ,N}, wherein,





hij = (Q + )
∥∥ρibikSi ∥∥(Ii(Q) – ‖ci‖).
Therefore,∣∣∣∣∂Zi( , t)∂ξj
∣∣∣∣≤ σ , whenever t ∈ [,T] and i, j = , , . . . ,N . (.)
Based on property (.) and by induction, one can obtain
∣∣Zi(ξ, ξ, . . . , ξN , t) – Zi(φ,φ, . . . ,φN , t)∣∣≤ P(σ ) N∑
i=
∣∣ξi(t) – φi(t)∣∣, (.)
where P(σ ) is a speciﬁc polynomial in terms of σ .
Let{k} be a sequence belong to ⊗Ni=
i and k = (ξk , ξk , . . . , ξNk) →  = (φ,φ, . . . ,
φN ) as k → ∞. Let Tk = Xk = (xk ,xk , . . . ,xNk ) ∈ T(
⊗N
i=
i). According to rel-





i in B, there exist a subsequence {Xq} of {Xk } and Y =
(y, y, . . . , yN ) ∈ B such that Xq → Y , uniformly, in B as q → ∞. It is obvious that for
any q, we have
dxiq








–τij Vij(θ )ξjq(t + θ )dθ
– ci(t)xiq (t)
]
– di(t)(ixiq )(t)xiq (t) – ei(t)xiq (t)
∫ 
–τi
Wi(θ )(ixiq )(t + θ )dθ – Si(t)
= xiq (t)Zi
(




(Fqi xiq)(t) = xiq (t), t ∈ [,T], i = , , . . . ,N .
Based on property (.), we have
∣∣Zi(ξq(t), ξq(t), . . . , ξi–q(t),xiq (t), ξi+q(t), . . . , ξNq(t), t)
– Zi
(
φ(t),φ(t), . . . ,φi–(t), yi(t),φi+(t),φN (t), t
)∣∣
≤ P(σ )













φ(t),φ(t), . . . ,φi–(t), yi(t),φi+(t),φN (t), t
)
uniformly, as q → ∞ for all t ∈ [,T] and i = , , . . . ,N .








φ(t),φ(t), . . . ,φi–(t), yi(t),φi+(t),φN (t), t
)
for all t ∈ [,T] and i = , , . . . ,N .
Consequently, based on deﬁnition of map T we have T = Y . Also, q →. Thus, we
obtain
lim
q →∞Tq = Y = T = T limq →∞q.
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Therefore, applying Schauder’s ﬁxed-point theorem, map T has a ﬁxed point  =




(Fi φi)(t) = φi(t), t ∈ [,T], i = , , . . . ,N .
Finally, this indicate that (φ(t), . . . ,φN (t)) is a positive periodic solution of system of
Eq. (.) or equivalently, T-periodic solution of themulti-species cooperation system (.)
and (.). This completes the proof of the theorem. 
2.1 Permanence of system
Let τ = {τij, τi,ηi, i, j = , , . . . ,N}. We consider the system (.), (.) together with the
following initial conditions:
xi(θ ) = ϕi(θ )≥ , θ ∈ [–τ , ],ϕ() > ,
ui(θ ) =ψi(θ )≥ , θ ∈ [–τ , ],ψ() > . (.)












Theorem . Let (H), (H), (H) hold and (x,x, . . . ,xN ) ∈⊗Ni=
i be any solution dif-






βi(s)ξ (s) + γi(s)
∫ 
–τi
Ui(θ )ξ (s + θ )dθ
}
ds, (.)
be the solution of system (.) with initial condition (.). Then solution (x,x, . . . ,xN ,u,
u, . . . ,uN ) of system (.), (.) is permanent, i.e., there exist τ˜ >  and mi > , Mi, m˜i > ,
and M˜i (i = , , . . . ,N) such that
mi ≤ xi(t)≤Mi, m˜i ≤ ui(t)≤ M˜i.
Proof Since Si ≥  for any ≤ i≤N , appealing to the proof of the Lemma . given in []
we can immediately demonstrate that there exist a τ˜ >  such that
xi ≤Mεi , ui ≤Nεi , for t ≥ τ˜ , (.)
where




, N *i =
(βui + γ ui )M*i
αli
(.)
while f u = supt f (t) and f l = inft f (t).
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On the other hand, from Lemma . and inequality (.), we have
dui
dt = –αi(t)ui(t) + βi(t)xi(t) + γi(t)
∫ 
–ηi
Ui(θ )xi(t + θ )dθ
≤ –αui +
(
β li + γ li
)
Q,
then by Lemma ., for arbitrary  > , there exist τ ′ > τ˜ such that
ui(t)≥ (β
l
i + γ li )Q
αui
–  for τ ′ > τ˜ .
Since  is arbitrary small, one may assume that
 ≤ (β
l





(β li + γ li )Q
αui
≡ m˜i for τ ′ > τ˜ . 
Remark .
For the system without the external source, the sets 
i must be replaced by
BR =
{
ξ ∈ CT : ‖ξ‖ ≤ R
}
.





















–τ V(θ )N(t + θ )dθ
– c(t)N(t)
]
– d(t)u(t)N(t) – e(t)N(t)
∫ 
–τ
W(θ )u(t + θ )dθ – S(t), (.)
du
dt = –α(t)u(t) + β(t)N(t) + γ(t)
∫ 
–τ







–τ V(θ )N(t + θ )dθ
– c(t)N(t)
]
– d(t)u(t)N(t) – e(t)N(t)
∫ 
–τ
W(θ )u(t + θ )dθ – S(t), (.)
du
dt = –α(t)u(t) + β(t)N(t) + γ(t)
∫ 
–τ
U(θ )N(t + θ )dθ . (.)




 – sin(π t) – cos(π t)
 – sin(π t) + cos(π t) , ρ(t) =
 – sin(π t) – cos(π t)
 –  sin(π t) + cos(π t) ,
S(t) =
 – sin(π t)
 + sin(π t) , S(t) =
 – sin(π t)




s ρ(θ )dθ ), ≤ s≤ t ≤ T ,
. exp(
∫ t




s ρ(θ )dθ ), ≤ s≤ t ≤ T ,
. exp(
∫ t
s ρ(θ )dθ ), ≤ t ≤ s≤ T ,
α(t) =
 + sin(π t) + cos(π t)
 – sin(π t) – cos(π t) , α(t) =
 + sin(π t) – cos(π t)




t α(θ )dθ ), ≤ s≤ t ≤ T ,
. exp(
∫ s




t α(θ )dθ ), ≤ s≤ t ≤ T ,
. exp(
∫ s
t α(θ )dθ ), ≤ t ≤ s≤ T ,
sup
t∈[,T]





∣∣S (t)∣∣ = ., inft∈[,T]∣∣S(t)∣∣ = .,
λ = ., λ = ., κ = ., κ = .,
Q = ., Q = ., Q = .,
a(t) =  + sin(π t), a(t) =  – cos(π t),
c(t) =
 + sin(π t)
 + cos(π t) , c(t) =
 – cos(π t)
 – sin(π t) ,
b(t) =  + sin(π t), b(t) =  – cos(π t),
J(Q) = ., J(Q) = .,
β(t) =
 – sin(π t) – cos(π t)
 + sin(π t) + cos(π t) , β(t) =
 – cos(π t)
 +  sin(π t) + cos(π t) ,
γ(t) =
 – sin(π t) + cos(π t)
 +  sin(π t) + cos(π t) , γ(t) =
 + sin(π t)
 –  sin(π t) +  cos(π t) ,
d(t) =
 – sin(π t)
 + sin(π t) + cos(π t) , d(t) =
 + sin(π t)
 + sin(π t) –  cos(π t) ,
e(t) =
 + sin(π t)
 – sin(π t) + cos(π t) , e(t) =
 – cos(π t)
 + sin(π t) +  cos(π t) ,
A = ., B = ., A = ., B = ..
With due attention to the data above, we have
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Therefore, the condition (H) in Theorem . is valid for our examples.
4 Conclusion
In this paper, we investigate the existence and permanence of periodic solutions for a
multi-species cooperation system with continuous time delays, feedback control and pe-
riodic external source. Suppose that
(H) ai, bij, ci, di, ei, ρi, αi, βi, and γi, are all positive continuous real-valued functions,
(H)
∫ 
–τij Vi(θ )dθ =
∫ 
–τi Wi(θ )dθ =
∫ 
–ηi Ui(θ )dθ = ,
(H) Ji(Q) +AiBi ≤ ( – λi )( – κi )
Q
(Q+)‖Si ‖












































 + supt∈[,T] |Si (t)|














–τij Vij(θ )xj(t + θ )dθ
– ci(t)xi(t)
]
– di(t)ui(t)xi(t) – ei(t)xi(t)
∫ 
–τi
Wi(θ )ui(t + θ )dθ – Si(t),
dui
dt = –αi(t)ui(t) + βi(t)xi(t) + γi(t)
∫ 
–ηi
Ui(θ )xi(t + θ )dθ
admits at least oneT-periodic solution. In order to indicate the validity of the assumptions
made in our results, we also treat a illustrative example.
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